Interaction of Neutrons with Matter

Atom Density

* Also called number density.
* Is the Number of Atoms per Unit Volume

» Connection with (mass) density
—n = # of atoms in volume V
— M = atomic weight of each atom

— N = Atom density




Neutrons

* Interact with nuclei via nuclear forces, since they have no charge,
hence they cannot interact electrostatically with electrons

* Possible reactions
— Elastic scattering
— Inelastic Scattering
—radiative capture (absorption)
—(n, 2n)
— fission

Neutron Elastic Scattering

A A
Kinetic energy is conserved
KE +KE,=KE' +KE',

mv:  MV®  mv? MV ‘/
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The incident neutron is slowed down by elastic scattering

Some of its kinetic energy is transferred to the target nucleus



Energy Loss in Elastic Scattering Collisions - Moderation

Scattering of heavy nucleus (*°U)- small energy loss (poor

moderator)
2
A P s
2 236

Scattering on light nucleus (‘'H) — large energy loss (good
moderator) — Water used as moderator because it contains H.

2
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Inelastic scattering
A A
n+,X - n'+,X

Kinetic energy is not conserved any more (total energy is)

KE +KE, >KE' +KE', g e
* .

The incident neutron is slowed down by inelastic scattering




Radiative Capture

n+ XX +y
/4

@
‘\

The incident neutron is absorbed (disappears) by radiative capture

Fission

n+,X —)2111 Y, +§22 Y, +wi+ [+ y + neutrinos + approx. 200 MeV

v = average number of neutrons = 2.5

)
o

(2 to 5 neutrons can be produced)

ST



Fission - Example
1, 235
ht+5, U — X +Y + neutrons

» Possible fission reactions
1. 235 140 94
ot U= Xet Sr+2n
1. 235 132 101

* Distribution of fragments

Fission
Yield

70 120 170 A

Microscopic Cross Sections and Reaction Rates for Neutrons



Consider a single nucleus in a parallel beam of monoenergetic
neutrons

/ >
I[nim? /s \

Assume (for now) that scattering and absorption are the only
possible reactions.

Yy

v

Neutron Beam Intensity
« Let n(x) be the neutron density (neutrons/cm’)
» Consider monoenergetic neutrons (All have the same speed)
 Let v be the speed of neutrons.

» Consider a thin “slice” of beam of
thickness dx, that crosses surface S.

e There are dN» = nSdx neutrons in
this slice.

* [t takes the neutrons in the slice
dx /—‘

dt = —,

time v to cross surface S.

* The beam intensity is therefore:

_dN, nSdx |

Tsdr ode |

S

‘dx
\%




Reaction Rates

F=R =R +R,
Probability of a Certain Reaction Type

p =2
Rl
P, =
Rl
P, +P =1
R +R
pap=tt by
R

Microscopic Cross sections for Individual Reactions

R, =10,

t
R =RP,=IoP.=1c,=0,=0,P,

R,=R,P,=Ic,P,=Io,; o,=0,P,



The sum of individual microscopic cross sections equals the
total macroscopic cross section. In our simplified case

c,=0,+o,=0,P,+0,P.=0,(P,+P)=o0,

For the general case:

c,=0,+0,+0,+0,+..

Microscopic Cross Sections as Measures of Probability

We can write:

Rt
o, =—
1
Ra
o, =
!
RS
o, =—
1

e The microscopic cross sections can hence be interpreted as
the probability of interaction, per unit incident intensity.



Energy Dependence of Microscopic Cross Sections

e The microscopic cross sections depend on the energy of the
incident neutrons. The nucleus appears larger or smaller
depending on how fast the incoming neutron is moving!

o,=0,(EF)
Where E is the kinetic energy of a neutron
c,=0,(F)

o, =0,(E)
Reaction rate per nucleus
R(E) = Io(E)
The reaction rate depends on the energy (speed) of the incident
neutrons.

Volumetric Reaction Rate for a Material
(Collision Density)

Consider a small piece of material placed in a beam of
monoenergetic neutrons.

x N

Rsin le—nucleus nuclei
F = e =R
- 14 ~ “tsingle—nucleus

x N

Where N is the number density of nuclei.
F=IoxN =[IxX

Where 2 =0 X N s the Macroscopic Cross Section.

We have thus recovered the formula obtained in the previous
lecture using the attenuation of a collimated beam.



Volumetric Reaction Rate for a Material
(Collision Density)

Dependence on the energy of the incident neutrons

F(E)Y=Ixo(E)x N =1xZXZ(E)

Neutron flux

Q: What happens if we have a small piece of material
bombarded by two beams of monoenergetic neutrons (both
having the same energy)?

Reaction (collision) Rate

F=IoxN +1LoxN =(I,+1,)% =
= (nlv+nzv)2 =nvx = QX

Neutron flux for monoenergetic neutrons: D =nv



Alternative Interpretation of the Neutron Flux for
Monoenergetic Neutrons

Consider a small sphere at the intersection of two beams of
same-energy monoenergetic neutrons. The situation is similar to
having one nucleus bombarded by two neutron beams.

Cross sectional area

2
of sphere: 7

The number of neutrons crossing the sphere per second equals
the “reaction rate” for the sphere, due to both beams (which is
the sum of the reaction rates due to each beam).

Alternative Interpretation of the Neutron Flux for
Monoenergetic Neutrons

R, =R+R =Ixm’+Lxm’ = +1)xm*=
=(nlv+nzv)><7z7f2 =nvxm’ =0 xm’
It follows that:
R
@ — CI"O;S
mr

So the flux can also be interpreted as the number of neutrons
that cross a sphere per unit time, divided by the cross sectional

area of the sphere \@ ’ )



Neutron flux for monoenergetic neutrons

For the situation of more than two beams, all of the same
energy, the definition of the flux is the same:

D =nv

where n is the total neutron density due to all the beams.

The flux can still be interpreted as the number of neutrons
crossing a small sphere, divided by the cross section area of the
sphere.

Ny

s

Macroscopic Cross Sections for Mixtures

Consider a mixture of nuclei with number densities Ni.
The volumetric reaction rate density for each nucleus type 1 is:

F =00, xN, =0,
The total reaction rate density is:
F=YF=®0c,xN,=0) o,xN, =

=P) ¥, =X



Macroscopic Cross Sections for Mixtures

The total macroscopic cross section equals the sum of the
(partial) macroscopic cross sections for each nucleus species

2=)3% =Y Ngo,

F=0Xx

Neutron Intensity, Flux, Current and their Applications



Single Beam

Consider a beam of monoenergetic neutrons

>

>

The intensity is given by:
I =nv

The flux is a scalar quantity given by

D =nv

The current is a vectorial quantity given by:

—

J =nv

Two intersecting beams of different-energy neutrons

vy Vv VY

Neutron Flux

O =nv +n,v, =0, + O,

Neutron Current

— —

J=nyv, +n,v,=J, +J,



For many intersecting beams:

) =Z:nl.vi =ZCDZ.
J =Zni\7i =Zjl.

Usefulness of Neutron Flux

Consider a small sample of material placed at the intersection of
several beams of neutrons.

The total collision density in the sample is equal to the sum of the
collision densities due to the neutrons in each beam.



We rewrite the expression for the total collision density

F=) F=)3x®, =
=2 ©, =30

Where b= Zq)i

i

F=X20

Regardless of how many beams we have (one or more).

So:

Usefulness of Neutron Current

Consider a monoenergetic neutron beam that intersects a plane
surface.

A




We want to determine the rate at which neutrons cross this surface.
Per unit area.

Where AN is the number of neutrons crossing the plate at time

At through surface area S.

Before After (Af elapsed)
(t=0) (t=At)

-
2
-

N

VAY
h=vAtcos@

h

N is the unit vector normal to S. h = hn

V' = SvAfcos 6



The rate at which neutrons cross the surface in Azis given by the
neutrons in the marked region.

» _ﬂ_ nAV  nSvAtcos@
SAt  SAt SAt

= nvcos @ = nvii = (nv)ii = Jii

Multiple Beams

The number of neutrons crossing the surface per unit time per unit
area 1s the sum of the neutrons in each beam that cross the surface
per unit time per unit area.

R=> R =Y Jii=

= > J, |i=Ji



Polyenergetic Neutrons

Consider now a parallel beam that has neutrons of different
energies (speeds).

n=dﬂ/dE A
Dark Grey Area= E
Neutrons with Energy
LN Between E and E + dE n(E) — J‘n(E’)dE,
0
dn(E)
n(E)=——=
< Light Grey Area= dE
Neutrons with Energy
Between E; and E,
E(dE E =

(volumetric) density of neutrons with energy less or equal to E.
n(E)
(volumetric) density of neutrons with energy between E and E+dE.
dn=n(E)dE

Neutron density spectrum

dn(E)

n(k)= 15

n is the number of neutrons with energy between E and E+dFE, per
unit volume per unit energy (divided by dE and by volume).



Beam intensity for neutrons with energy between E and E+dE
dI(E) = dn(E)x v(E) = n(E)v(E)dE

The above is the same as eq. 3.36 in the textbook but the textbook
does not use the underline.

Energy-dependent beam intensity (Beam Intensity Spectrum)

dI(E)

I(E)= = n(E)V(E)

Total beam intensity:

= OOj](E)dE = Oojn(E)v(E)dE

Flux made up of neutrons with energy between E and E+dE:
d®(E) = n(E)V(E)dE
Energy-dependent Flux (Flux spectrum)
D(E) =n(E)V(E)

Total Flux:

o0

D = O]CD(E)dE = j n(E)V(E)dE

0



Current made up of neutrons with energy between E and E+dE
dJ(E) =n(E)V(E)dE
Energy Dependent Current (Current Spectrum)
J(E)=n(E)V(E)

Total current:

J = O]j(E)dE = o]n(E)\?(E)dE

Reaction rate for neutrons with energy between E and E+dE
dR (E) =n(E)V(E)X (E)dE = ®(E)X (E)dE
Energy-dependent reaction-rate density
R.(E) = n(E)W(E)E,(E) = ®(E), (E)

Total Reaction Rate for Reaction x
R = j n(E)V(E)S (E)dE = ch(E)zx(E)dE
0

Subscript x can stand for total collisions, or just absorption, or
elastic scattering, etc.



Reaction Rates for Polyenergetic Neutrons: Examples

Example 1

Consider a neutron beam with the following energy
dependence of the neutron density:

n(E) (n/cm’/KeV)

2x10°

100 E(KeV)



Assume that the beam is incident on a thin target whose total
macroscopic cross section has the following energy
dependence:

%(E) (b)

100 |---cmmmeeemm o

100 E(KeV)

Calculate:

The total neutron density.

The density of neutrons with energy less than 50 KeV.
The energy dependence of the neutron flux.

The energy dependence of the reaction (collision) rate.
The total collision rate.



The analytical expression for the above is:

n(E)=2x10° - £

100

Remember:

Volumetric density of neutrons with energy between E and
E+dE

dn(E) = n(E)dE

Density of neutrons with energy less than E

E
n(E) = J.n(E)dE
0
Total neutron density:
n, =n(o) = jn(E)dE
0

Notation abuse (overload):

n=n, = J‘n(E)dE
0



100

"= J‘2x106(1—ﬁ)dE+ _[OdE
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Energy Dependence of @

O(E) = n(E)V(E)
E = m_vz =>v= \/E = \/Zﬁ
2 m m
O(E) = n(E)\/Z\/E = \/zn(E)\/E
m m

1
= 1/£2><1()6 I—EJE2
m 100

3

1 2
:ﬁw g B
m 100

D(E) .

100 kEv

3

00
®(100) = | 1007 — 1% ={10—(«/100)3LJ
100 100

= c(lO = —1000] =0
100




Energy Dependence of Reaction Rate

Aﬂm:®@ﬁ@%le—E6E:cEz

R(0)=0

5

3 >

R(100) = o] 100 1%
100

mn;ﬁme

3 5

1 E? 3 E?
100

Example 2: Problem 34

When thermal neutrons interact with '“N what is the probability
that absorption leads to radiative capture?

o =0,+0,=(o, +0'l.)+(6y +0'f)

Captive rate Do,

Total rate Oo,
Absorption rate ~ Po,

p _ Ccapturerate _ do, _9,
7. absorption rate ®o, o,
O 1.9 1

“o,+0, 1940



Example 3: Problem 35

Control rods with following "/, composition
5(p) Cd

15 (Y/o) In

80 ("/o) Ag

Rate of absorption/g @ 400°C

Assuming 2200 n/s neutrons (0.025 eV)

O =5x10"n/cm’ /s
Ag is a 1/v absorber.

Rv = QX
R :(I)Za _® NCdo-c?d-i_NInGc{n—i_NAgajg
" IO NCdMCd+NInM1n+NAgMAg
VV;p:NiMi
Weap=NeyM,
w
Neg=p <
: M,
w
N — In
In IOM[n
w
NAg :,O A

M,

g



Cd In Ag

:5><1013[ 0.05 0.15 0.8

24500 + 183b +

48amu 49amu 47 amu

=5x10"x6.022x10"* &2450+£183+%63 =
48 49 47

63b} =

:125x1012@
g

Attenuation of a Neutron Beam from a Neutron Balance
Perspective



Neutron Attenuation Revisited
Parallel beam of monoenergetic neutrons

For such a beam

[I=b=J

alE

— \ idx
X

alE
o |

|dx
STE

Neutron balance in the volume of thickness dx

J(x)§ = J(x +dx)S = Z(x)D(x)Sdx

neutrons neutrons
entering the exiting the
volume volume

neutrons colliding
(reacting) in the
volume




The neutron balance equation can be rewritten:
I1(x)S —I(x+dx)S =Z(x)I(x)Sdx

Dividing by Sdx on both sides we obtain
I(x)—1
(x)—1(x+dx) () (%)
dx

Equivalent to:
_I) s i) o L9 _ s o1
x dx

If the macroscopic cross section is constant, then:

dl (x) __SI(x)

dx

Which can be integrated to obtain:

I(x)=1(0)e™

Exactly what we obtained before using a different kind of
reasoning.

Moral: If assumptions are right and reasoning correct, the
results are the same regardless of the method used.



Mean Free Path

Neutrons that react (collide) between x and x+dx have had a
"free path" of length x.

To find the mean free path, we need to average over all the
neutrons that interact from x=0 to x=co.

Ix] (x)Zdx jx] (0)e > Zdx

O]I (x)Zdx o][ (0)e > Zdx

l (O)ZO]‘erde O]xezxdx
0 0

1 (O)ZO]-e_Exdx O]e_zxdx
0

0



The numerator is integrated by parts to give

jxe_ Ydx = jx _c dx =
0 0
e—Zx * 0 e—Zx
=X| —— —j ——— |dx
> ; >
0
e ) 1
) T x
0
(Since 1%5.}(“%) =0 )

The denominator integrates as:

0 —2X
_ e |
J-e Ydx=| —— | =—
: ) )
0
It follows that:
1
2 1
ﬂ“ = = —



Fission

Fission

o+ XA+ " B+V n+ i je+y

v=2,3,4,5
on average V = 2.5

A & B = Fission Products (Fission Fragments)



Conservation Laws

Number of nucleons
A, +A4 =A,+A, +V
A, +1=A4,+ A4, +Vv

Charge

Energy

M)+ MO = [M () + M(B)]+
+Ve*M(n)+c* M (e)+ E,

M is the relativistic mass



Using the rest mass and kinetic energy E, we have:

Cz[Mo(n)+Mo(X)]+En =
= [ My (A) + M, (B)]+

+ve’ M (n)+c’iM, (e) +
+E +E, +E,+ B, + B

M 1s the rest mass

The above can be rewritten using the Q:
My (n)+ My(X))+E, =
=c’ [MO(A) + MO(B)]+
+ve’M,(n)+c’ M (e)+ O+ E,

For fission, Q is approximately 200 MeV



Distribution of Energy From Fission

Carrier E(l;l/[eer\g]if
Fission
Fragments 168
Beta 8
Gamma 14
neutrinos 12
neutrons 5
Total 207

Most energy is taken by fission fragments and deposited
locally.

Fission Mechanism (simplified)

In reality, fission occurs through a compound nucleus which,
in turn, can decay very rapidly in several different ways.

o+ XX
(fast)
— A+B'+y (mode 1 - prompt y)

Ay +1 yrr

Zy ' ',
— A+B+v,n  (mode2 -promptn)

v, =2-3



Both A' and B' can be stable or further decay in several
possible modes:

(2

A (A'was stable)
— 5 A+y (delayed y)
n —2 5 A+ B, (mode 3)
— s A"+ 0B, (mode 4)
1 (fast)
A+n  (delayedneutron)

\

If A' decays according to mode 4, it 1s called a precursor.
There are six possible types of precursor, and six possible
values for 4

A" is then called an emitter.

We cannot predict in advance which nuclei will be
precursors, but we can predict, on the average how many will
do so. This number is equal to the number of delayed
neutrons emitted, called the delayed neutron yield.

Lo # of delayed neutrons
¢ #of fissions

We cannot predict how many prompt neutrons will be emitted
in each reaction either. But we can predict how many will be
produced on the average. This is called the prompt neutron
yield.

_ # of prompt neutrons

v, .
#of fissions




On the average, the fission reaction can be written:
n+ X >A+B+v,n +v,n, +pe+y
The total neutron yield is defined as:
v=v,+v, =25

The delayed neutron fraction is:

Delayed Neutrons

Are emitted by emitters which result from the beta decay of
precursors.

There are 6 precursor (delayed neutron) groups, based on
their half-life.

Vi=Vau TV TV T Vst Vs + Ve



Fission Products (Heavy Nuclei)

Mass is distributed asymmetrically.

10

0.1

0.m

0.001 / - ' 2
0.0001 LH— ' : ' l
0

a) 110 130 150

Fission yield, S

Mass number

235y 1 - . . . .
U is fissile, 1.e. undergoes fission with near-zero energy

neutrons with high probability.

1
ocEzocl

o 1 lower energies v



238 7 - . . . . .
U is fissionable, but not fissile, 1.e. it can undergo fission,

but with higher energy neutrons and with low probability.

Energy Spectrum of Fission Neutrons

Energy Spectrum

_n(E)  n(E)
X(E)= =
’ j n(E)dE
It follows that:
Oojz(E)dE = ij "B - - 1 O]n(E)dE =1

j n(E)dE j n(E)dE °

0 0



Energy Spectrum of Fission Neutrons

Prompt-neutron spectrum (E,,,=2MeV)

Important Facts

e Fission neutron energies are much higher than thermal
energies (0.025 eV), so they are not appropriate for
efficient fission in fissile materials.

e To achieve fission efficiently, the neutrons need to be
slowed down (their energy needs to be reduced). This
process is called moderation. 1t is achieved by elastic
collision with light nuclei (usually Hydrogen or
Deuterium)

e Reactors that use thermal neutrons for fission are called
Thermal Reactors.

e Special reactor designs can be conceived, where fast
neutrons are used for fission. These are called Fast
Reactors.



Fission-Related Parameters

Capture-to-fission ratio

Number of neutrons released per absorbed neutron.
Gf
n=v—
(o)

a

For mixtures of fissile and non-fissile elements:

1
n= Z—QZViZﬁ

Nuclear Reactors — The Basics



Nuclear Reactors

¢ Can be of two Types:

» Thermal - fissions induced by thermal (E<1eV)
neutrons in fissile nuclei

» Fast - fissions induced by fast (Ex1MeV) in
fissile/fissionable nuclei

Thermal Reactor Components

e Fuel - consists of nuclei that fission liberating energy

® Moderator - slows down fast neutrons resulting from
fission to thermal energies so they can fission fuel
nuclei

e Coolant - removes the heat

The three can be:
e mixed together - Homogeneous Reactor
e separated — Heterogeneous Reactor

Most reactors are heterogeneous.



Power Reactors

e Pressurized Water Reactors

o Pressurized Heavy-Water Reactors (CANDU)
e Gas-Cooled Reactors

e Other

CANDU Reactors
e Heterogeneous

e Fuel: Natural Uranium Oxide
o(UO, 0.7% *°U, 99.3% ***U)

e Coolant: Heavy Water (D,0)

e Moderator: Heavy Water (D,0)



CANDU Reactor - How it Works

e Fissions take place in the fuel

e Most energy from fissions is taken up by fission
fragments which stop in less that one micron.

e In stopping, the fission fragments' kinetic energy
becomes heat, which raises the fuel temperature.

e The fuel 1s cooled by the coolant, which takes the heat
from the fuel to the steam generators.

e Neutrons are also produced from fission.

e Fission neutrons are slowed-down by elastic collisions
in the moderator and, to a smaller extent, in coolant.

¢ Once they become thermal, neutrons can induce new
fissions, keeping the chain reaction going.

CANDU Reactor - How it Works (cont.)

e Part of the neutrons get absorbed by radiative capture
or "leak" out of the reactor. These do not induce
fissions.

¢ On the average, only one neutron per each fission
succeeds in inducing a new fission, so there is a
uniform rate of fissions and not an avalanche of
fissions.



Neutron Diffusion and Moderation

Nomenclature



General Nomenclature
Consider a quantity, say the number of collisions N
Rate

We call rate, the ratio between the amount of that quantity that is found or
produced between time t and time t+dt and dt. (i.e. the collision rate is the
ratio between the number of collisions that occur between t and t+dt
divided by dt):

coll

R =
coll dt

Spectrum

We call (energy) spectrum the ratio between the amount of that quantity
that is found or produced between energy E and E+dE and dE (i.e. the
collision spectrum is the ratio between the number of collisions suffered
by neutrons with energies between E and E+de and dE ):

cho[l

F(E)= 1B



Density

We call (volumetric) density, the ratio between the total quantity dQ
existing or produced in volume dV and dV (i.e. the collision density is the

ratio between the number of collisions suffered by neutrons in volume dV
and dV )

choll
av

We can have names that imply double ratios, e.g.

Collision density spectrum. - the ratio between the number of collisions
suffered by neutrons in dV with energies between E and E+dE and dVdE

F(E) — choIl
dVdE
Collision density rate:
F — cholI
davdt

Oftentimes, when talking about double ratios people omit to name one of
them, so you must pay attention to the context.

For example, one will often refer to the collision rate or collision density,
when, in fact, meaning collision density rate.

The same letter is sometimes used to denote different quantities.

Always look at the context.



Recapitulation of Important Concepts

Recapitulation of Important Concepts

Volumetric total reaction (collision) rate density for monoenergetic
neutrons

F=>XO®

t
or

F=2%nv



Reaction rate for neutrons with energies between E and E+dE:
dF =2(E)xn(E)dE x v(E)

(Total) Reaction rate for neutrons of all energies:
F= J.Z,(E)n(E)V(E)dEz _[Zt(E)CD(E)dE
0 0

where

D(E) = n(E)v(E)

Reaction Rates for Individual Reactions

Scattering reaction rate density:
F = j > (E)D(E)dE
0

Absorption reaction rate density (number of neutrons absorbed per
cm’ per s):

F. = O]Za(E)®(E)dE



Neutron Diffusion

Fick’s Law



Fick's Law (Diffusion Law)

e Will accept it without proof.
¢ Valid far from interfaces.
e Valid for materials with relatively low absorption.

Gives the neutron current as a function of the neutron flux

Assume monoenergetic neutrons
Assume the flux only varies along the x axis:

dd(x)

J.=-D
dx

D = Diffusion Coefficient

In three dimensions (and monoenergetic neutrons):
J = —Dgrad® = —DV®

Definition of gradient:

Vf(x,y,z)z N




Number of particles crossing a surface of orientation # per unit time
per unit area (normal current):

J =J-n
y) 1
D= tr ﬂ/ ——
3> ( 2)
Transport mean free path
1 1

! 2tr zzs(l_ﬁ)

Average of the cosine of the scattering angle

Neutron Nucleus



Diffusion Equation

Neutron Balance Equation (equation of Continuity) for
Monoenergetic Neutrons

Expresses the conservation of neutrons

[Rate of change in the number of neutrons in a small volume dV|=

= [Rate of neutron production in volume dV |-

—[Rate of neutron absorption in volume dV ]—

[Rate of neutron leakage from dV |

............

""" dV = dxdydz




—
S

Infinitesimal (i.e. very small) Volume

A D'/ '
z I

i dV = dxdydz

>dz
_______ [~ - AC
Y /
CF=(x,y,2) y
A - ~ /
dx

dx, dy, dz small-enough that:
D(x, y,z) = O(x+dx, y,z)
J(x,y,2) = J(x+dx,y,2)
and similarly for y and z



Production
The number of neutrons being produced per unit time in volume dV.
(Neutron Source)

Production Rate:

SdV

s(em s

Production Rate = SdV = Sdxdydz

Absorption

z

Assume, dx, dy, dz are small enough that the flux @ varies negligibly
inside our volume

R, =2 ®dV =% Ddxdydz
Leakage Through Face BCC'B'



LK =LK, rp = j(x+dx,y+%,z+%j-ﬁxdydz

LK, =LK, cp =J (x+dv,y,z)dydz

Leakage Through Face ADD'A'

D! C




Net Leakage Along X Axis

LK =LK _ +LK =LKy p+LK =
= J (x+dx,y,z)-J (x,,z)dydz

Let's remember that:

%]x (x,y,7) = J (x+dx,y,z)—J (x,,z)dydz
28 dx
Hence:
oJ
J, (x + dx, y,z)—Jx (x, v, Z)dydz = P ~(x,y,z)dx
X

LK =J (x+ dx,y,z)—Jx (x, y,z)dydz =
_ oJ .
ox

(x, y,z)dxdydz
Total Leakage out of dV

LK =LK +LK, +LK, =

oJ aJ, oJ
=—>(x, y,z)dxdydz + —(x, v, z)dxdydz + —=(x, y, z)dxdydz =
Ox oy 0z
oJ - -
= o, +—L+ Y, dxdydz = (divJ dydz = (V -J dxdydz
ox Oy 0Oz

X,¥,Z

Definition of divergence for a vector function f (X,¥,2)



dinEv.f:(if;C+aa]l;/y +£Z§j

Rate of Change of Number of Neutrons in dV

_ #neutrons(t + dt)—#neutrons(t) _ n(t+dt)dV —n(t)dV _
change dt dt

_ e dn =) gy O e
di ot




Neutron Balance Equation for dV

% dxdydz = sdxdydz -2 Ddxdydz—V - Jdxdydz

Dividing by the volume dV =dxdydz we obtain:

QZ:S—ZJD—Vuj
ot

Valid regardless of whether Fick's law holds true or not

Neutron Balance in the Diffusion Approximation

Assume Fick's Law to be true:

J =-DV®
Substitute into the neutron balance eq:

on
—=-V-(-DVD)-X ®+s

ot

This is the time-dependent diffusion equation for monoenergetic
neutrons.

It is important because by solving it we find the flux and the flux
allows us to calculate all reaction rates, including fission rate -
which is really what we are after, by using R=20



If the diffusion coefficient is constant:

on

—=DV-(VD)-X ®+s
ot

Remember the definition of the Laplacian:

f &f S

A (x,y,2) =V’ f=V-(Vf)= -
f(032)=VA =V (V)= 5 st s
The diffusion eq. can then be rewritten:
0
a—n:DV2CD—ZaCI)+s
4

If we keep in mind that

® on O(D 1 d®
p=nv—o>n=———= =——
\% o ot\V Vo dt
We obtain:
l%zszcb—zacpw
v Ot

Steady-State Situation (no time dependence)

DV’D -3 ®+s=0

Steady-State diffusion equation for monoenergetic neutrons and
constant D



Dividing by D:

>
V0 -S04+ — =0
D D

Introducing notation (Diffusion Length):

LZZB
ZCI
VorLta=S

Interface Conditions for the Diffusion equation:
Continuity of flux: D, =D,

Continuity of normal component of current Ji =I5

~

Vacuum Interface

O(d)=0

Extrapolation distance d=0.714, —_—

d=2.13D

A, =—; Z, =2 (1-pn); D=
S (=)



The Concept of Infinite Homogeneous Medium

Medium is the same at any point
Hence, there is no reason why the flux would be different an any particular

point
D(x,y,z) =D = const

The current is given by Fick's Law
@
Ox
=VO = o =10]|=0
oy
a0
L Oz _
The current is zero in an infinite homogeneous medium

Td=S;, V®=0 ®:§'

a

<

The Concept of Homogeneous Half Space

Y

x & (00,00)

ye (— oo,oo)
Ze(a,oo)

In such a configuration, since for the same z all points are identical,
there 1s no variation in the flux with x or y

oD

VO =|0+0+
D(x,y,z) =D(z2). Oz>
2 ®(2)

— - Z,0(2) +5(2) =0



The Concept of Infinite Homogeneous Slab

- finite in Z, but infinite in X and Y directions

+ X
y x € (—0000)
(X,y,Z) yE(—O0,00)
------- z zZ e (a;b)
Y a b

Because there is no change in the material properties in either X or Y
direction,

O(x,y,z) = D(2)

Energy-Dependent Diffusion



Differential Microscopic Scattering Cross Sections

Beam of monoenergetic neutrons
I =nv(E)

A
3
Hln/ent /) \

R =Io,(E)
Equivalently, we can write (using only macroscopic quantities that can
be measured):

>

Scattering rate:

R
o,(E)= ;

By scattering, neutrons lose energy.

Let dR,(E") be the rate at which neutrons are scattered in energy range
E', E'+dE'

We have:

Jdr (E") =R,
0
Definition of the differential scattering microscopic cross section

dR (E")

o (E—>FE)=
IdE'’

Equivalently, we can write:
dR (E"YR, R dR (E' dR (E'
GS(E_)EI)E s( ) s: S s( ):GS(E) s( )
IdE' R, I RdE' R dE’




Scattering Kernel

dR (E") _dP(E.E")

k(E—E")=
R.dE' dE’

c(E—>E)=0ck(E—>E")

The scattering kernel can be interpreted as the probability density
function for a neutron of energy E to be scattered such that its final
energy is between E' and E'+dE'.

The differential and total scattering cross section satisfy:

o (E)= O]A(TS (E > E")dE'

Differential Macroscopic Scattering Cross Sections
n __ '
> (E>E)=No (E—E"
or, using the scattering kernel:

2(E—>EY=No (E)k(E—>FE)=
=3 (EYk(E > E")

Volumetric reaction rate at which neutrons scatter within energy range
(E, E+dE)

R(E—>E)=IZ (E—>E)



Energy-Dependent Neutron Balance Equation

Balance Equation for Neutrons with Energy Between E and E+dE

[rate of change of number of neutrons in volume dV with energy
within range (E, E+dE)] =

[rate of production in volume dV of neutrons with energy within
range (E, E+dE)] +

[rate of scattering of neutrons in dV into energy range (E, E+dE)] -
[rate of absorption in dV of neutrons with energy in range (E,
E+dE)] -

-[rate of scattering of neutrons in dV outside of energy range (E,
E+dE)] -

[rate of leakage out of dV of neutrons with energy within range
(E, E+dE)]



F

n(E,t+dt)dEdV —n(E,t)dEdV
Rchange (E ) — ( ) d ( ) —
t
_n(Ei+d)-nE0) ., nE)
dt ot

—

R,(E)=s(E)dEdV

s(E) = number of neutrons produced inside dV with energies between E
and E+dE, divided by dEdV.



Rate at which neutrons with energy within (E'; E'+dE) scatter such that
their energy is within (E;E+dE)

R.(E'—> E) = ®(E"dE'XS (E'—> E)dEdV

Rate at which all neutrons scatter such that their energy is within
(E;E +dE)

R(—>E)= ﬁCD(E') X% (E'—> E)a’E’}a’EdV

—

R (E)=®(E)dE xX (E)dV = ®(E)x S (E)dEdV



—

R.(E =) = ®(E)dE x3 (E)dV = ®(E)x 2 (E)dEdV

Note that:

S (E) = oojzs(E — E"dE'

—

LK(E)=V-J(E)dEdV



Balance Equation for Neutrons with Energy Between E and E+dE

(E)=R,(E)+R (> E)-R,(E)-R (E —>)-LK(E)

change

on(E)

dEAV = s(E)dEdV + { I(D(E‘) x3 (E'— E)dE' |dEdV -
0
—~O(E)x2 (E)dEAV —D(E)x X (E)dEAV -V - J(E)dEdV

Dividing by dEAV we obtain the energy-dependent neutron balance
equation (continuity equation):

on(E)
ot

—D(E)x2 (E)-D(E)xZ (E)-V-J(E)

= s(E)+ ooch(E') <X (E'—> E)dE' -

We can show the dependence on time explicitly:

on(E,t)
ot

—D(E,))xX, (E)—D(E,)xZ (E)-V-J(E,1)

=s(E,1)+ ch(E' ) (E'—> E)dE' -

Definition of energy-dependent flux:

O(E)=n(E)v(E)= n(E) = PE)

v(E)

Substituting the expression for the energy-dependent neutron density, we
obtain:

1 od(E,1)
v(E) ot

—(E,)xX (E)—D(E,{)xZ (E)-V - J(E,1)

= s(E, z)+jc1>(E' H)xE (E'— E)dE' -



Energy-Dependent Steady-State Neutron Balance Equation

0=s(E,1)+ j O(E',))xZ (E'—> E)dE' -
0
—D(E,)xE (E)-D(E,)xE (E)-V-J(E,1)
Diffusion Approximation (use Fick's Law)

J(E) = D(E)V®(E)

0=s(E,1)+ j O(E',1)x (E'—> E)dE' -
0

~O(E,))x2_(E)-D(E,H)x2 (E)+V-(D(E)VD(E))

For position-independent diffusion coefficient:

0=s(E,{)+ j O(E',))xZ (E'—> E)dE' -
0

~D(E,)xX (E)-D(E,t)xZ (E)+ D(E)V’D(E)



Multigroup Formalism

Approximate treatment of the energy-dependent diffusion equation.

Energy Groups

Divide the energy domain (0. £,,.,) into intervals called groups




(Energy) Group Flux

E,.,
D, = j O(E)dE
Eg
o)
TN

E, Eg E

Can depend on parameters such as position and/or time

E,
D, (F) = j O(F,E)dE
E

g

Group Current
E,
J, = j J(E)dE
Eg

Can depend on parameters such as position and/or time

E,
J, ()= j J(7,E)dE
E

g

Group Source



Group Reaction Rates

Reaction Rate for a single Nucleus
E E

R;ingle nucleus = jR(E)dE — jq)(E)G(E)dE
E E

4 4

Reaction Rate Density for a Material
E E

R, = TR(E)dE: TCD(E)Z(E)dE

Can depend on parameters such as position and/or time

Eq, E,
R,(F)= jR(?,E)dE: jcp(f,E)Z(f,E)dE
E E

4 4

Group Cross Sections

Microscopic Group Cross Sections

Eg,
[oE)o(B)dE
E Rsmglenucleus
O'g = gE - =2
g (I)g
j O(E)dE
Eg
Macroscopic Group Cross Sections
E,
j O(E)S(E)dE
— Eg — g
)y ¢ =T =

g-1 (I)
j O(E)dE ¢
E

g



Inter-Group Scattering (Transfer) Cross Sections

Microscopic
Eyy| Egoy
j ch(E)as (E — E"YdE' |dE
E, | E,
Ogsg = E,
j ®(E)dE
Eg
Macroscopic
Eg | Egy
j I@(E)ZS(E — E")dE' {dE
Eg Eg ’
Zg_)g, = L g+g
j O(E)dE
Eg
Intra-Group Scattering Cross Section
Microscopic
E, | E,,
j jcp(E)aS (E — E"YdE' {dE
Eg Eg
Ogog = E,
[oE)dE
Eg
Macroscopic
E, | B,
j j O(E)S (E > E")dE' dE
Eg Eg
Zg—hg = E

gjch(E)a’E



Multigroup Neutron balance Equation

[rate of change of number of neutrons in volume dV with energy
within group g] =

[rate of production in volume dV of neutrons with energy within
group gJ +

[rate of scattering of neutrons in dV into energy group g] -

[rate of absorption in dV of neutrons with energy in group g] -
-[rate of scattering of neutrons in dV outside of energy group g] -
[rate of leakage out of dV of neutrons with energy within group g]

Multigroup Neutron balance Equation

O dV -2, O dV -3 & dV-V-JdV

sg'—>g

a G
511ng=8ng+ E >
g'=1

Dividing by dV:



Multigroup Neutron balance Equation

Multigroup Fick's Law:

—

J,=-D VO,

Multigroup Diffusion Equation

Zn =5+ . D, -5 D -5 +V-(DVD,)

so'—> '
atg g g8 8

G
ﬁng =5, +>.2 ., P, -2, ® - & +D VO,

sg'—>g T g
Steady state (no time dependence)

sg'—>gq)g' = Sg

G
2
-D,V®, +%, D +Z D, - Z;z
g'=



Particular Cases of the Diffusion Equation

One-Group Diffusion Equation

The entire energy range is included in just one group

>

E1:O EO

Time-dependent:

Z—”:S+zscb—zaq>—zsq>+z)v2cp
4

8_n =S-X d + DV*® = one group D.E

Ot



One-Group Diffusion Equation

Steady State:
The steady-state multigroup diffusion equation

g1 G
2
-DV’O, - Z;ng,_)g(l)g, +2,0,+ DT, D, =s,
g =

g'=g+l
becomes:

~DV’®D, +3 @, =5,
We can drop the group index to obtain:
~DVO+3X D=5

Two-group Diffusion Equation

| {

E2=O El E()
Group 1 (fast group): g=I

% = Sl + (Zslalq)l +252HICDZ)_EGICDI _ZSlCDI +D1V2CI)1

Where zsl :ZSHQ +2SH1

% = Sl + Zslal(l)l + Z52»1(1)2 - Zalq)l o ZSHZCDI o Zslal®l T Dlvzq)l

ot

% =5, -3, @ -2 O +DVD,



Group 2 (Slow, thermal)

0
% N S2 + Z:S1—>2q)1 + Z52—>2®2 B zazq)z - zszq)z + Dzvzq)z

WhCI’C zsz = z152—>1 +252—>2

on
5—1‘2 - Sz + z:SHZ CDl + z152»2 (DZ N Zaz CDZ B Z152»1 CDZ B zszﬁz CD2 T Dzvzq
% =5,+2, ® -3, ®,+D,V,
Two-group diffusion equation
Mg 5 & -3 @ +DVD,
at 1 1-2
% =5,+%, ® -3, @, +D,V,
Zal + 231—)2 =2, (Removal cross section)



Two-group diffusion equation

on 0
Steady state 5 ~

-DV'®, +%, @, =S,

-D,V'®,+3, ®,=5,+% @,

S1-2

Two-Group Diffusion Equation

We could have started directly with the steady-state
multigroup diffusion equation

g-1 G
-DV® ->3% D +Z D + DT
g'=1 g'=g+l
Group 1 (fast):
—-DV’®, +3, @ +Z, D =5,
Group 2 (slow, thermal):
~DV’®, -3

Sg—>g'cDg = Sg

s1—2

D, +3 0, =s,

Two-group diffusion equations:
~-DV’®, +3 @, +3
~-DV’®, -3

a52P1 =8

D, +3 ,0, =s,

sl—2



Solving the Diffusion Equation for Simple Cases

One Group, Infinite Homogeneous Medium, Uniformly
Distributed Source

— DV2D(F)+ =, D(F) = s

Infinite, homogeneous medium

O(F)=D =ct
Vo =0
The equation becomes:
2 D=5

Solving for the flux, we obtain:

D=
¥ (constant)



Two Groups, Infinite Homogeneous Medium, Uniformly
Distributed Source

~DV’®, +% @, +X
~DV’®,-X

52D =8

D, +2 ,D, =5,

s1—>2

For an infinite and homogeneous medium with uniformly-
distributed source:

D (F)=D, =ct
DO,(F)=0, =ct
VO, =0
VD, =0

The two-group equations become:

> @ +3
>

iD= 8
D +%,0, =y,

sl—>2

The first equation can be easily solved to yield:

Y= removal cross section



The second equation can be rewritten as:

2,0,=5,+2,,,D

s1—>2

2 ,,,D, =g, =slowing down density

sl—>2

Using the expression found for the fast flux, we have:

s
2,0,=5,+2,,, Z_IV
The thermal flux 1s hence:
Sy + 2, ;l
D, = S s

If there is no external thermal source(s, =0), then the solution
simplifies to:

Sy

O, =2 e
2 s1—2 zrzaz



One-group diffusion equation for a semi-infinite medium
(half space)

Surface Source Y
—_—
—_
> _>
\ ﬁ
Medium

CD(x, v, Z) =d(2)

d’®
-b dz* t2,0=0 —> Assume no volume sources
d’® 3 O
— 3 + — O
dz D
I’ = D
T, —> Diffusion Length
d’® T @
——+—5-=0
dz L

Characteristic Equation

—r2+%=0
1
2
2 :P
1
r==+—
L



General solution is

z z z

ael +be - = be ©
Finding the constant b:

Consider an infinite parallelipiped of cross section area A
and extending from zero to infinity in the z direction :

Express the equality between total absorption in the
parallelipiped and the source of neutrons coming in from the
boundary source S, at Z=0.

Absorption rate from 0 to % in a prism of cross-section area
A

JZ LD (Z)dz A
0

Source rate

S, A



Equality between source and absorption:

S, A= Dzacb(z)dz A

S, = IZa®(z)dz = .Zabe_LdZ =2 b Ie_LdZ
0 0 0
Ie_Ldz = {— LeL} =— lim(LeL) +Le " =L
o . z—0
S, =X bL—=>b= %
2 L
Hence:
()= ZibL ot
Units:
[q)]: [S] cm’s n




One Group Diffusion for an Infinite Planar Source
Situated in an Infinite Homogeneous Medium at x=0

S (n/em*/s

Equivalent to two half-spaces (left and right)

— DV*®(x,y,2)+Z ®(x,,z) =0 forx#0

Because of the planar (y-z) symmetry, ® =®(x)

The equation becomes:

D 0’ D(x)
oD (x)

+2,0(x)=0

Using the diffusion length notation:

2
d ?—%CD:O, x#0
dx- L




This is a homogeneous second order linear differential
equation with constant coefficients. The general solution is
of the type:

—X X

O(x)=Ae’ +Cet*

Because the flux needs to be finite, we have C=0. Hence:

O(x) = de

The current i1s:

J(x) =—Di(Ae_%): 42

dx

To find A, we use the boundary condition:

. S
lim_, , J(x)= 5



The initial condition yields:

D L
J)=A2er =S P 5L
L 2 L 2 2D
The flux for x>0 is hence:
O=—- e K
2D
Analogously, the flux for x<O0 is:
O = S—L e%
2D

One Group Diffusion for a Point Source Situated in an
Infinite Homogeneous Medium

Use spherical coordinates with the source placed at the center
d’r=dV =r*drsin ddéde
dA=r*sin@@dep = r*dQ

4 dr
Q=— Z
-l
”
rd@ ‘ﬂ(/’
T rsin Gdg
0 /. do
d r
\_/ Y




Because the problem is symmetrical with respect to both &
and ¢ (spherical symmetry), the flux will only depend onr.

CD(x,y,Z)D q?(l”, 49,(P)
O =D(r)

Expression of Laplacian in spherical coordinates for a
function with spherical symmetry, f(r).

V2 £(r) =idi( Z,i]

The diffusion equation becomes:

%i[rz dﬂj—%@ =0
re o dr dr L

This 1s a homogeneous second order differential equation with
constant coefficients.

The boundary condition is
Jans’ =S = &°J :i
4

lim, _,(r2 ()= 4i
T

Rate at which neutrons exit a very small sphere of radius €,
surrounding the origin: § =J4z¢’

This 1s equal to the rate at which neutrons are produced, because ¢
1s so small that absorption in this very small sphere can be ignored.



To solve the equation, we make the substitution:

w=r® < O =2
v

The equation becomes:

1 d| , d(wj 1 w
— | —|—||-——=0
r* dr ar\ r I’ r

which yields:
d’w 1
> T W= 0
dr- L
_r Ae L
o w=A4e t; d= €
Solution is: r

Following a similar treatment as for the plane source, we find:



One Group Diffusion for a Bare Slab with an Infinite
Planar Source Situated in the Middle

S (n/em?/3)

The problem is symmetric with respect to the source and also
has planar symmetry

O =D(x)
Diffusion equation:
‘o1
d > T O = O, x#0
dx~ L

Will treat the right half.

This is a homogeneous second order linear differential
equation with constant coefficients. The general solution is
of the type:

—X X

D(x)=Ae’ +Cet*



The left boundary condition is, just as before:

: S
hmx—>+0 ']('x) - A
2
yielding:

J(x):—BAeLJrBCeL :—2A+2C=§
L L L L 2

X=

The right boundary condition is now a vacuum boundary
condition, that is the flux vanishes at the extrapolated
boundary.

S (n/em*/s

a4jrd) X

)

Pa)=0
where
a=a+d



The above yields:

—a

O(d)=Adet +Ce

N~

=0
We obtain A and C by solving the system:

_2A+2C:§
L L

—-a

O(d) = Ae L +Ce

N~ rO

=0

The final solution is:




Neutron Moderation (two group treatment)

Two-group diffusion
Assume %, =0 (good moderator)

~-DV’®, +%, D =0
- D2V2(D2 —2,,,P+2,0,=0

The two equations can be rearranged to:

~-DV*®, +%, D =0
~-D\V®O,+3 D, =3, @

s1—>2 =1

We make the following notations:

D
L =7, =age
z:s1—>2
D . .
2—2 = L, =thermal diffusion area

al

L, = thermal diffusion lenght
With the new notations, the equations are written:

-V, +ic1>1 =0
Ir
~-V’0, +i2c1>2 = Ac1>1
Ly 207

These can be solved for different configurations.



Nuclear Reactor Theory

Multiplication Constant



Preliminaries - Neutron Fluence

Neutron fluence is defined as the time integral of the flux

W = t]CI)(t)dz‘

n n
Where units for ¥ are ) and units for @ are

2
cm- s

Fission Chain Reaction




Each fission produces 2-3 more neutrons which can, in
principle, induce new fissions in avalanche. This is not
desirable.

However, not all neutrons resulting from fission induce new
fissions. Some undergo gamma capture.

If two few neutrons (less than one per fission) induce new
fissions the fission reaction dies down. Not desirable either.

The trick is to only allow one of the secondary neutrons to
induce a new fission and thus have a fission rate that is
constant in time. A reactor operating at a constant fission rate
is said to be critical.

Infinite Homogeneous Reactor

(One-Group Diffusion Approximation)
(Z > O)'

Multiplicative medium

Non-Multiplicative medium (zf =0 ).

The steady-state diffusion equation is written:
~DVO+X d=S

The source now consists of fission neutrons:

S:VZfCD

So the equation becomes:
—~DV*Q+3 =12, D



The flux is constant in space because the medium is infinite
and homogeneous, so the equation becomes.

20=v2 O
It 1s obvious that the above cannot be satisfied, unless

L,=VX,

If that is not the case, then the source is artificially divided by
a factor k, just to balance the equation.

S0 = %vz @

k is called the multiplication constant (factor). For an infinite
medium, it is called the infinite multiplication constant and
denoted by k.

It is obvious that, for the one-group homogeneous reactor
case:

It is also obvious that the value of the flux cannot be
determined because once the appropriate k is used, any value
of the flux will satisfy the balance equation.

) CD:LVE b= CD:LVZ ()
a koo f a sz f

)y

a



Interpretation of k

Since the balance equation is written:

s, =kivzfq>

a
0

We have:

B VL, O _ production rate

LD loss rate

So k can be interpreted as the ratio of the neutron production
rate and the neutron loss rate.

The name "multiplication factor" is used because k represents
the ratio between the neutron density for one generation of
neutrons, divided by the neutron density for the previous
generation. This needs some explaining.

Consider a bare infinite homogeneous reactor. Initially there
are no neutrons present.

Now, assume some neutrons, with density ng are introduced
in the reactor. Let's call these "generation 0" neutrons. These
neutrons will fly around, producing a flux @,(?)=7,(£)v which
will decrease as the neutrons are absorbed, until all neutrons
are eventually absorbed.



The time dependence of the zero-generation neutrons looks
something like this:

A

The flux, has a similar shape

O




As these zeroth-generation neutrons are absorbed, some of
them produce fissions. We consider the neutrons born out of
these fissions first generation neutrons. They are produced at
a rate:

VE D (2)

and are absorbed at a rate

2,2,

Overall, the number of first-generation neutrons that are
produced per unit volume is:

m = V2, ®y(6)dt =VE, [@,()dt =VE
0 0

The total number of absorptions of first-generation neutrons
1s:

[Z.0,@)dt =3, [@,0)dt =3y,
0 0



Since, in the end, all first-generation neutrons get absorbed,
we have:

LY =V2 Y,
which yields:
VL,
v, = Z— Vo = kooWO

a
The first-generation neutrons, in turn, produce second
generation neutrons. Their number is:

n, =VL,y, =VE ky,=k.n

The process continues:

n,=k

0

n,

and so on.

The number of neutrons in each generation is equal to the
number in the previous generation multiplied by k... Hence
the name multiplication factor.



Infinite Homogeneous Reactor
(Two-Group Diffusion Approximation)

Diffusion equations:

~DV’® +X D +X, D =V 7@ +VE 0,
- D2V2(I)2 - 2sl—>2cD1 + Eazq)z =0

Because the reactor is infinite and the flux (both fast and
thermal) is constant in space, we have:

2alq)l + z:sl—)Z
-2

O, =vL, D +12,,D,
D, +2 ,D,=0

sl—>2

Attempt to solve the system:
Group 2 equation yields:

2
CDZ — zs:1—>2 q)l
a2

Substituting into the group 1 equation, we obtain:

> 0 +3

s1—>2

)
O =VZ,® +1Z,, %Cbl

a2



Obviously, the above is only satisfied if:

by

1
> o+ =z, 1y, =22
al s1-2 [ 71 12 s Jk

which may not always be the case. This means that unless the
above is satisfied, we cannot have a steady-state solution to
our diffusion equations.

To force the system of equations to have a (steady-state)
solution, we resort to the same trick as before: use a "fudge
factor" 1/k that multiplies fission productions.

Thus, our equations become:

> @ +3

sl—2

@ = ki(vz D, 415 ,,0,)

Y 0,43 D, =0

sl—>2

)
B, =Tug
And, by substituting > ¥ ' into the fast-group

equation, we obtain:

1 ZS —>
2.0 +2,,,0 = Z[vZﬂCD] VL, S CD‘J

a2



Dividing by the flux, we obtain:

1 z:S —>
ot = k_(vzfl V2 %)

0

We can now solve for k, .

Choosing k., to have the above value ensures the system
admits a solution.
That solution 1s

2sl—>2 (D
1

ZaZ
We cannot find the fast flux explicitly.

D, =



A close look at the system of equations

5 0 +3

sl—2

D, = ki(vz D, +1E,,0,)

—%, D +2 0, =0

s1—>2
reveals that it is a homogeneous system of linear equations
which defines an eigenvalue/eigenvector problem. The
eigenvalue is 1/k,, and, as expected, the eigenvector can only
be determined up to a multiplicative constant which, in our
solution, is P, .

k., can, in the two-group case be interpreted in three different
ways:

1. the eigenvalue that allows the system of equations to have
a solution

2. the ratio of productions over losses

3. the factor by which the number of neutrons gets multiplied
from one generation to the next



Criticality

K<1 - Subcritical
e Number of neutrons decreases form one generation to the next
e Rate of neutron production smaller than rate of neutron loss

K=1 - Critical
e Number of neutrons stays constant form one generation to the
next
¢ Rate of neutron production equals rate of neutron loss

K>1 - Supercritical
e Number of neutrons increases form one generation to the next
e Rate of neutron production larger than rate of neutron loss

Neutron Life Cycle, Four Factor Formula, Six Factor
Formula



The Four-Factor Formula

Let us look at the group 1 equation in the two-group
approximation.

S O+, 0 = ki(vz D, 415 ,0,)

0

sl—>2

Solving for the multiplication factor, we obtain:

_ VZfl(I)1 + v2f2®2
” 2,0 +2,,,0,

sl—>2

The above can be processed as follows:

_ VL@ +V2 D, _ VZ @ +VE D, V2 D, _
) Z:alq)l + Z:s1—>2q)1 z:alq)l +2 CDl sz2q)2
_ VZ D+ v D, VZ ., D,
VZ D, 2,0, +2,,,0

sl—>2

s1-2 1
By making the notation:

V2O Vi, 0,
VZ D,

g



We obtain:

. VD,
D N )

q)l

s1—>2
We can continue the processing:

2p® 3,0 2,0 vz P,

= 8 =
B z:ach)l + Zsl—>2(D1 z:aZcI)Z Z:ach)l + 2s1—>2(D1 Z1612(1)2
Denoting:
> D
p — a?l 2
2al(I)l + zS1—>2q)1
We have:
. VZ,,0,
B Zan)Z

We can, moreover divide the thermal absorption cross section
into the absorption cross section for fuel, and the one for
moderator.

__ wfuel moderator
2 2 zaZ + ZaZ

a



With this, we can rewrite the formula for the multiplication
factor as follows:

V2@, T, 6p2f;§1q>2 VE @,
Zazq)Z Zzuzel(DZ Zazq)z ZZHZeICDZ

k,=ép

Denoting:
[z,
2a2cI)2
and
VZszI)2
77 = quelq)
a? 2
We obtain:

k., =&pfn

This is known as the four factor formula.



The names and interpretation of the factors are as follows:

Fast fission factor

V2 O +vE LD, total fission rate

V2, O, thermal fission rate

Resonance escape probability

— ZaZCDZ — z:s1—>2c1)2
SO +%, 0 I D +3

rate of slowing down

p ®,

sl—>2 sl—>2

 rate of slowing down + absorptions

Thermal utilization factor

D, _ rate of thermal absorption in fuel

f= =

- 2 ,®, total rate of thermal absorption s

N (number of neutrons produced per neutron absorbed in fuel)

_ VL, D,
T,

_ rateof neutron productionthrough thermal fission

n

rate of thermal absorption



Six Factor Formula
For a finite reactor, in addition to the processes we studied
above, fast neutrons, as well as thermal neutrons can leak out

of the reactor.

We define the following two factors to account for the
leakage:

a , = fast non - leakage probability

o, = thermal non - leakage probability

Our expression for k then becomes the six-factor formula:

keff — q?fnafat

One-Group Treatment of Finite Reactors



Diffusion Equation

DV’® -3 @ +%vzfcp =0

Vo +%(—za +%vzfjcb =0

Notation:
(B is called Buckling)
1 1
B =—|-Z +—1%,
D k
The equation can be rewritten:
VD +B®=0

B depends on k. It turns out that B cannot take just any value.
It has to be equal to the value imposed by the geometry,
called the geometrical buckling.

2 2
B’ =B’



Then:

offers an equation for k.

= V2,
B:D+%,

Where BgZD is the leakage.

Things will become clearer by showing an example.

Infinite Slab Reactor

)

(@/2+d) | (@/2+d)

where



We then have:
d*®

2

+B*®=0

dx

Boundary conditions:

{47

The symmetry of problem implies:

@
dx

=0

x=0

General Solution:

®(x) = Acos Bx+ Csin Bx

do@) - _ |- ABsin Bx + CBcos Bx|=
ax | ._,
=CB=0=C=0
Hence:

®(x) = Acos Bx



Vacuum B.C.
Implies:
B
cos( a j =0

Ba=n+2kr=Rk+)r=nrx

Yields:
nrw T

B, =— By ==
a s a

n

Fundamental solution

O(x)=AcosB,x = Acos(g)
a

B, is the geometrical buckling

A cannot be determined from the diffusion equation. It can
be determined from the condition on the reactor power.

2
P=E.z, j ® (x)dx
-9



2GE,S , 4 sin(”:l)
‘ 2a

P=
VA

d(x) = _ cos(ﬁj
2aEL%, a

- V2, _ V2,
B:D+%, (,z

~

2
jD+2a
a

Spherical Reactor

w = @r (change of variable)

2
c; v2v+B2W: 0
r
— w(r) = Asin Br+Ccos Br
Vs ¢ p
% O(r) ==

)
\

X [N ., vV
~
~

------



We have, in sequence:

izirzdﬁwch:o
rodr  dr

sin Br cos Br
+C

r r

O =4

Because the flux has to be finite at r=0, we have:

C=0

(D:AsmBr

r

sinﬂ%
O=4 R

r
The total power can be used to find A.

P=E3, [®(r)dV dv = dmdr

o P o V%)

C4ES R r




Infinite Cylinder

Z‘

X

!

p

Cylindrical coordinates

We have in sequence:

Bessel’s Equation:

2 2
d c2D+lch+ Bz—m—2 O =0
dr rodr v

Our equation is Bessel’s equation for m=0.



Solution: Bessel functions of first and second kind:

O =A4J,(Br)+CY,(Br)

J — Bessel Function
Y - Modified Bessel Function

AN X,

Yo(x)

Y infinite at origin hence C=0

® = AJ,(Br)

B.C.
®(R)= AJ,(BR)=0

_—————

/// \\‘ JO(X) ‘

/ '
] X \ X
! I
! ]
' 1
' ' , <
A / g X 1\_/

~~ -




Final Solution

~ X
BR=x,=B= -1
R
o)
bR R
2.4
D = AJO( 05 ’”)
R
Finite Cylinder
Y
dz? +l%+az—?+B2¢:O
or:- ror oz



B.C.
D(R,z)=0
H
O(r,—)=0
( 5 )
Separation of Variables

O(r,z)=R(r)Z(2)

oz_,  OR_

= —=0
or ) or

2
Zli(ra—RJ+Ra f +B°RZ =0
ror\ or 0z

11d OoR 10°Z e

F—+— =
Rror or Z oz*




Solution:

2.4
D(r,z) = AJ{ Bsr)cosg
R H

d(r,z) = AJ,(B.r)cos(B.z)



