HEAT CONDUCTION EQUATIONS



5-3. THE HEAT-CONDUCTION EQUATIONS

Figure 5-1 shows a stationary cartesian volume AxAyAz within a heat
2
4

T +lr

\
\
\

\

\

]

I

y

FIG. 5-1. Three-dimensional heat conduction in cartesian
coordinates.

generating and conductive element. A heat balance on this volume
during an increment of time A6 can be written as*:

. Change in internal energy of _ [ Heat conducted into
material within volume during 46/ =\ volume during A0

Heat conduced Heat generated
~ \ out during A6 during A6

* Note the similarity to the derivation of the neutron conservation equation, Sec. 3-3.




or :
(U9+A9 — U9> = (qx + qy + qz) A — (q‘x_} Ax T qy—-;-A_y + qz--{—AZ)AQ

+ AXApAz g7 AG (5-1)

The symbols U and U?+4% are the internal energies of the materlal

within the volume at time # and 6 + AO respectively, and ¢ is the
volumetric thermal source strength, Btu/hr ft>. The internal energies

can be written as

U? = AxAyAzpu® (5-2)
and U9+A9 AxAyAzpu()+A(}
0
= AxAyAz | pu? + 0 pu AQ (5-3)
P Jo

where p is the density of the material of the element, Ib,,/ft? and u is
the specific internal energy Btu/lb,,. Since du/d0 = @ (ct)/ 08, where ¢ is
the specific heat of the element, Btu/lb,,°F, the above two equations can
be combined, for constant p and ¢ into the form

[Jo+4a0 __ rj6 . AxAyAzpc <36> A0 (5-4j
The symbols ¢, and Gx 4 ax ATC the rates of heat conducted in the x

direction, perpendicular to area AyAz, at faces x and x + Ax respectively,
Btu/hr. They can be written, with the help of the Fourier equation

gr = — kA - (5-5)
Ox
as gy = — kA};AZ gi (5-6)
| dx
and x + Ax = Gyt %qx Ax
X
dt d dt
=~ kAYyAz == — ApAz k Ax -
VAZ G T 8((9x>x (>-7)
and for constant thermal conductivity k
— kapaz 90 kapaz (LY ax (5-8)
dx Jx2

Thus

Gy = Gx 4 ax = AXAyAzk (gzi) (5-9)
X




' The symbols qx and g, », are the rates of heat conducted in the x
direction, perpendicular to area AyAz, atfaces x and x + Ax respectively,
Btu/hr. They can be written, with the help of the Fourier ¢équation

_ di
qx = — kA e (5-5)
as . . _ g, =—kAyAz Q_ -
X E ax . - - . - (5‘6)
and Gu s ax = gt 205 Ax
dx
, dt d d
= —kayAz 2 Ayaz L (5 I8N oy
YAz 5 YAz 55 (k 5x> Ax (5-7)
and for constant thermal conductivity &
_ dr 0%t ‘
kAyAz_a;w—kéyAz<EE;>fo (5-8)
Thus
Gr— Gy v = Ax AyAzk (ﬁ? (5-9)

Writing similar expressions for the heat conducted in the y and z
directions, substituting with Eq. 5-4 into Eq. 5-1 and rearranging give
a2t d*t  J%

AxAyAzk + _ AG + AxAyAzg” AO
4 (dxz dy? * 622) yazd

= AxAyAzpc (ai;—) AB ’ (5-10)

Dividing the entire equation by AxAyAzA6 and noting that k/pc= «,
the thermal diffusivity, ft?/hr, the above equation reduces to the general
heat-conduction equation in cartesian coordinates:

(d% 0%t d%) L4

1 Ot
T T a) TR T wde -1



Dividing the entire equation by AxAyAzA0 and noting that k/pc = a,
the thermal diffusivity, ft2/hr, the above equation reduces to the general
heat-conduction equation in cartesian coordinates:

gt 9 | g 9" _ 1 dr y
<0x2 * dy? + 022) * kK~ a do (>-1D
Putting
ol = d* . du + a2t (5-12)

+ = .
dx?  dypr (=2

where w21 above is the Laplacian operator of temperature in cartesian
coordinates. Substituting into Eq. 5-11 results in the general heat-conduction
cquation:

Y. 4 l ’
v21+-q—=--,— 5-13)
k a 00 (

The special case of steady-state heat conduction, where dr/do =0,
the general equation becomes the Poisson cquation:

vz,+‘lT"'=o (5-14)

The special case of no heat generation, where ¢ =0, gives the
Fourier equation*

Vi = % - (5-15)

1
a

The special case of steady state and no heat generation gives the
Laplace equation

vi=0 (5-16)
Another equation of interest is the Helmholtz equation t:
Vi+ Bt =0 (5-17)

* Equations 5-5 and 5-15 share the name of Fourier.
* Recall the reactor equation, Sec. 3-3.
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FIG. 5-2. Cylindrical co-
ordinate system.



FIG. 5-3. Spherical coordinate system.
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FUEL ROD HEAT CONDUCTION

I?RlMe ASSUMPTION
ONE DIMENSIONAL STEADY STATE (CONDUCTION
MRIN APPLICATIONS

* FLAT FUEL PLATES
e CYULINDRICAL Fruer RobsS
o SPHERICAL FUEL PELLETS

ADDITIONAL REFERENELKE

"HEAT TRANSFER" TTH EDITIoN  T.P. HoLMAN

GEMERAL ERQuATmioN :

HEAT Flow RATE ol NORMAL TEMPELATURE CHADIENT

T

i« g
INCLUDING R PROPORTIONALITY CONSTANT

g = -—kAg

% = - kA %’: (ONéi)m&NslounL)



HEAT CONDUCTION EQUATIONS

DEAVATION OF HEAT TRANSFER EQUATIONS _IN
THREE DIMENSIONS (GIVES YHE FOLLOWING :

cnrcrfs'mu Co-ODINATES

9‘r 'r . 4" 1 oT
9 dyt 22t K ~— o 239t
CYUINDIICAL  CO-OUDINATES
4T Lo a9 +9"' 9" 1 ar
dat 4 e T gyt 2t KT« FE
SPHELILAL  Lo-0ADINATES
2% + = ?_7: + 1 °T 1 ' | 21
927 T o T rey oy Tway by +, k.
| = z F
WHERE i“ = HEAT GEMEATED (T/sm?)
' K = THerRmad coNduerivity (T|sm’e)
P = 2densiTY (kglm?)
¢ = SPECIFIC HEAT ( T ] kg )
& = THERMAL DIFFusiviry (m'/s)
% = kj/pe



HEAT CONDUCTION EQUATIONS
l;aZ STEADY STHYE CONDITIONS RIGHT HAND
SIDE OF EACH EQUATION IS ZERo

Foll. ONE DIMENSIONAL APPLICATION WITH
HEAT GENVELATION EQUATIONS AKE

CARTESIAN  Lo-ORDINAYES (INFIMITE $LAG)

27
d 2t ‘)2 (rexr gook  §-22

CYLINDRICAL  Co-0fDIvATES (INFINITE Rod)

AT - | 4T !
7 ox + T F % = 0 (VEXT Kook 5“4")

SPHERICAL Co-ORDINATES  ( UMFORM SPHERE)

AT 2 Ar "
i + ?Z + %— s 0 (TEXT Book f‘é'\‘)




